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We talked abouthow in Euclideandomains we can use the
Euclidean algorithm to find the gcd of two elements Ofcourse
this also works in 7 but in practice this is not how we find

a gad in 21 Usually we look at a prime factorization

Ex What's the gc d at 48 and 60

48 2 3 60 22.3 5

So gc d 48,60 22.3 12

In certain rings called UFDs we are ableto do this as well
Before we definethem we need to define what it means to
factor an element in a ring and when you're done factoring

De Let 12 be an integral domain

1 let reR nonzero non unit Then r is irreducible if whenever
ab r either a or b is a unit Otherwise r is reducible

2 Let pc R be nonzero Then per is prine if p is prime
That is p is prime if it's not a unit and whenever

p lab then pla or plb
3 If a be R st a _U b for some unit ucR a and b are



associate in R

Ex In Tl the prime and irreducibleelements are f P pc Zt
a prime in the usual sense a and b are associate iff a t b

While in 71 primeelements are the same as irreducible elements

this is not the case in arbitrary integral domains We do have
an implication in one direction though

Pep In an integraldomain a primeelement is alwaysirreducible

If Suppose p is prime Then p is a prime ideal If ab p
then ab C p so one of a ou b is in p Say at p

Thus a pr some re R p ab p rb p l rb O

R is an integraldomain so l th O rb I b is a unit Thus

p is irreducible D

However not all irreducible elements are prime

Ex Consider REFS Recall that Itf l Fs G 3 2

2 is irreducible in 7 Fs since its norm is 4 and no element

has norm 2 and N x I s x El

However I Fs nor l Fs is divisible by 2 so 2 isn't prime



In a PID these properties are equivalent

Pep let R be a PID A nonzero element p c R is prime if
and only if it's irreducible

PI We've already shown prime irreducible Now suppose

p is irreducible We want to show p is a prime ideal

Suppose p C I an ideal Then since R is a PID I v

some re R Then p ur some U Since p is irreducible
U Ov r is a unit

If r is a unit then I R

If u is a unit then p ur r so the only ideals

containing p are R and p Thus p is maximal and thus

prime D

Def Anintegraldomain R is a unionizatin UFD

if every nonzero non unit reR has the followingproperties
Ci r canbe written as a finite product r p Pz Pu where
each Pi is irreducible not necessarily distinct and

Cii the decomposition in Ci is unique up to associates i e

if r q qm each qi irreducible thin h in and the



qi can be reindexed so that pi Uiqi for each i where Ui
is a unit

Ex Iu 12 12 3.2 2 L3 2 2 but 3 1 3 and 2 12

We'll soon see that every PID and thus 2 is a UFD

Ex In a field every nonzero element is a unit so it's trivially a
UFD

Ed 7 Fs is not a UFD Itf l Fs 6 2 3 gives two
factorizations of 6 into irreducibles

Ed let R Rai at 2bit a be 7 E RCi REFT

Then 2i is irreducible in R since iof R

Thus Zi CZi 4 2 2 is two factorizations of4 so R is not a
UFD

Just like in a PID in a UF D irreducible prime

Pep If R is a UFD then p is irreducible p is prime

PI We already know prime irreducible

Assume p is irreducible We WTS p is prime



Suppose abe p Then ab rp

we can factor a a an b b bm r r re into irreducible

Thus Cai an b bm n re p so by uniqueness p is associateto

some ai or bj Thus Ai or byC p so a ou b e p so p
is prime D

we can use this to show that two hunzew elements a and b in
a UFD always have a gcd

Pep let 12 be a UFD a BER nonzero let

a up pal pen and b up pat put

bethe prime factorizations for a and b where U v are units
each pi is primeand distinct and ei f i are 20

Then d p
mince f pnmihkn.tn is the g cd of a and b

PI d la and d b If d la and d lb let

d off gnm be its prime factorization But then each qi divides
a and b so it divides some Pj Thus up to multiplication by
a unit qi Pj So d is a product of powers of the pi
w powers E to those occurring in d



Thus d Id D

Before we provethe main result of thesection we prove a useful
lemma

lemma let R be an integral domain If a b c c R are nonzero

and ab ac then b c

PI ab ac a b c O b c o b c D

Note that the above doesn't work if the ring has Zero divisors
Now we get to the main result

Them Every PID is a UFD

PI let R be a PhD and te R nonzero not a unit First we
show r can befactored into a finite product of irreducible
or equivalently primes

If r is irreducible we're done Otherwise we can write this
where r and s are notunits We need to show that this process
terminates Suppose it doesn't Then WLOG h kSz k t3S3
etc But then 4 It KIK etc and we have

r e r C r2 c C R



Since none of the ri is a unit ti f R Vi

Consider I ri This is an ideal if a bc I then a bc hi

for some i so a be ri EI If a c I Ce R then a c ri some

i so cae ri EI

Thus I ER and I a for some a since R is a PID Then

a c I so a c ri for some i But then ri EI a E ri

so ri I which means in particular that ti titi

Thus tri Unit hit sit U sit is a unit a contradiction
7unit

Thus any element of R can be written as a finite product of
irreducibles We just need to show that any factorization is unique up
to associates

let r p pw q qm meh be two factorizations of r into
irreducibles We show by induction on h that this is unique

If h 0 then r is a unit If r q qm then each qi is a unit
a contradiction so m O

Nowsuppose Uniqueness holds for a product of En 1 irreducibles

let r p pn q am Then P divides some Qi WLOG Suppose



pi Iq Then up q some u U is a unit since q is irreducible

Thus pi pn p u qz qm pz pu qi arm whereqiUga
is still irreducible

But then by induction n m and after reordering pi is associate

to q D

Sina R is a PID this immediately implies

Cer 7 is a UFD

We now have the following inclusions

fieldsC EuclideandomainsCPhDs CUFDs C integraldomains
R I TCFs

Finding a PID that's not a Euclideandomain is hard One example
is at


