uvn'ql,u, ‘Fa(,h)}’ifcd'l'm domaing (uq'FDSB

\NL ‘|’a‘k—e,d aloou-l— hoo [n Euc(l’dmy\ (Luvhafmg, We Come WRe M
Euclidian afjori'hmm o find e j-c-o(- o o eleveant. OF cowy,

T‘m’g alsp Works FMZ' hut in Prac'h'(,ej ™is s not how we find

aj.c,d. m L. Uwal(g, we lovok at a privee  fecctovizohon.

Ex: What's twe gcd. ok 4% ond 60 7

4= 923 (o0-2%3.¢

So J.c.J. (48, GO) = 223 =12

Il cevtain Fings called UFDs, we are able fo do Twis as well.
B&'@OVL we dofine TM&\M{ we heed v debine what it meoms o

foctor oam elemonmt in a l/fhj, amd whein You're "downe" {-m,w‘uviv\j.

Def: et R ke aw inl-cjml domain.

) Lt veR honzewn, non- unit. Taun r is irreducible 1€ Whonwer

a|o=kj it a or b ¢ A it Oh/l-UersQ y i8 Vcdu.dbLe.

2) Let pe R be nohzern, Thum pc—R ic prime f (p) i prime
That is p is prime £ 1'% not a umit, ol Whenevw
Plab, ’h/\_u\,\ P,a OVPIL’-

3) | £ o\.,\oeP S.'E‘ a=ul>, fov fovu, Wit (AC—R, a and bh ave



oscociate  in R.

Ex: h T, twe prime amd ireducible <lemenks are P,  pe7*

& prime in e Usual Sense. & andh b oave associate iBf a=th,

While in x, prime elomeuts anc e samme as ieducible 2|emamts,
Tha is  hot Twe case avbﬁ‘mmj .‘Megml domaing. We do have
o imp(n'c,ahlm in one  divechon 'h/\oujl'l:

, & privss elament s always irveduci ble.

’Pﬂr): In oam iwl‘ejml homain

Pt Suppox p i prive . Them () is a prime ideal. £ ab =p,
™Mo oh € (P) ) o ove ol o ov b S Th CP)- 50‘«3 o & (P)
Thus &=pr, svme veR = p=ab=prb =>|o(l-vlo) =0.

/

R 6 om l.‘"{_cjl’Q( (‘UVV\Q“AI R:2) |“"‘0=O=) rb =l =2 b s o wnit. Thug

p is ivreducible. ()

HOW&V{,V‘I not all irmreducible elemanm=Tts arve Prime.
Ex: Conside T0FE). Recall twat (1+dm)(1-¥2)=¢ =32
2 ¢ irvcduqkh ih /ZC\FE]I since ity novrm % 4 o no el

hos novm 2, avd N(«) <| &> «=£]

[Howae ve [*ﬁ now l-\-5 i% cl\'\/l'silol_z by Z; o 2 ign't privae.



. a P‘D,'h/ug& PVDP-W'HQS ave u(uiva(wf':

Pop: Lt R be oo PID. A uomzern elemant PeR is prime if
ol W(H i it's ivredu o ble.

PE: Wwe've alveady ghown prime = ivreducible. Now suppose
p Is ivireduci ble . We  want- ‘,'b h o (p) IS a  privae ideal.

Suppose QP) QI) oo ideal T sine Ro1g “PID) _‘L:CV)J
SSvwmaL vV E R. Then, \o=ul"J some U, Since P is ivvcduciloLL)

U ov Fr iy a wnit.

2 v iy a unit, Twe, I=R.

w5 & umif, Twen (p)-= (W’)= (V)) o Twe mnla ideals
w\n+aimiv\j (P) ave R omd (p). Thus (\o) i5 Mmaxmal od Taus
prn'WuL.D

Di(:'. An iv\-l-c\jm' domain R is a uwmique fectorization dovmain (UFD)

if LvLw  honzevo, hon-um i+ V‘CR has e ‘F'DuUW"th pVDp—e/vh'tsi

(L) r combe writtemw os a fAue product F=pi Pz pun where

each pi is irreducihble (wot hWecessarily dfsh'md-)) ol

() fue decomposition in () ig wm iq e (up b associabes). ie
if req, - G, =2ach g; ivveducible, T n= i, ond fue



C‘/,' Con b.a lfel'md,(_)({d Y0 ‘h/\q‘l' p;=u;¢ti 'PDV' each C, \Nl/u.ra Uy

s a4 wnit.

Ex: lw %, 12:3-2-2-(3)(-2)'2, hat “3=71'3 ond -2--12
W'l qoon  see that eveny PID (onh s 2) 15 a UFD.

Ex: lw o field, elery  ponzevo elemnt ig a umit, so it's +Viv:’a“3 a

UED.

€x: Z(V=5) is wta UFD: ("‘E)("R)=(a"‘2'3 9 ves wo
fabrvizahons of (6 inb ivredid bles.

Ex: Lt R=72[zi)= da+2bi|abezs S Z[Y- T(T ).

Twew 210 i irreducible iv R) since (¢ R

T"tus, (25)(‘7/5)‘- 4=2-2 is two faitorizattng of L), v Rs hot a
UFD.

Jusk ik ik a PID, mn a UFD ireducibe & prime:
?Qpi £ R s a UFD} thanw  p 15 inveducible = p s privve.
E: We, ah/{,a\ll(d know Prime = rreducible.

Assmmaw P is ivreducible, We WTS (k) is Prinee.



Suppose  abe (P). Twem  ab = vp.

b=b, -~bp  Fer v inb ivreducibles.

We o factor a=a,...a, , 1

)

Thws (o, —a )b, "'lom) =(h QSP, $o lmj uniqeness, p is associate to

(ome  a; ov ba. —n"‘*S/ &; ov 1936(1")/ by a o b € (P), o P

is PVI-V\A.L ) 3

We o we Twis o shonw et fwo honzero elemaunts o amed b ik

o UFD m(wou:)g howe o ﬁ.c.of.i

M-’ bt R he a UFDJ a,be R umzew. Lt

o=U Pf‘ P:L P:h and L’=VP‘ P - pu
be e prvivag fadovizations v a4 ond b, Wheve u, vV are wnitg

each pi @5 prina omd dishnd, and e Fioave =0

Twm 4 = P.Mh{eu;‘)--- PM(C"J“) is T J.c.d. od a and b.
PE dla od dlb. £ e and d7[b, Lot

d’= Qr?' ft?? be ity brime Loihy i zation.  Bud Ten, each 9. dividgy
0 oned h, w it divides grane pj- Twws, up t multiplicabion by
@ umif 40 =pj. d’ s o product o  powers of fue P,

w/ Powerg < b Those_ oCluvping in d.



Thug, J'/d. iy

Befove we pove e main vesult of fue sechin, we prove a useful

l?/tmma_i

lemma: let R e o (M\Lcj\ral domain. £ a,b,c eR ave nomzew,

vl ab=ac, fnm h=c

Pt ab-=ac = alb-¢) =0 = k-c=0=> k=c. D

Note twat Twe abuove does, 't wovk i€ Twe v\'v5 hag 2@ divigovs.
Now we 3(;/' fo Twa main result:

T Every PIDis o UFD.

Pf: Lt R bhe a PID, mul FreR nonzen not a umit. First we
Show r cam ke fattored inb a finite pwduct ot irveducibles

Co"/ equiva (wa/ P rimes ).

Hl rois ivred uC”o(.L, we've done. Ot wise , we Camn Winbe F=yS§,
Where 1 ol S, ave uohunits. We weed fo show tnwat this  process
+erminales. %MPP"S‘Q it doesn'd. ‘Dw,\, WLoG, V=hs,, , : 353)

ete. But fuem W ["J "ZJ"[ , efe, amad Wwe have

(MY, .. cR



Sinte mone of fue v is a wnit, (WYCR V(.
Consider I’iL:)I(".‘)_ This is om ideal: (8 a,bel ) Thun O.,Lé("f§
v cona G W o.—loe(V.-)QI_ | £ (};c-t[J Ce R) T, &&CV{X,WM

, o cae(w)CT

Thws, T ER, omd T=(2), for swwe a, sivee R is a PID.  Twem
ooe L, so ae (w) B some (. But Twem (VAQI:(“BQ(";),

v (W)=I, which means, in pavticular, Mat (%)= (vin).

T‘/\U-S |/.l. = uk\‘fl = k|"1-|s(’+[ ——_-D u= Sfi’l '% a uhi{-) o CAJV\‘h’QJiohUVI.

i+

_nfms vy elovment oA R Com oo wrttew as @ 'Fl“Vlf{-g prod wet o4

J

wveducibles. We just need b show twat oy factovizahmm is umique up

P associates

Let F= PPz G, M2k he two factovizahms b Vv into

reducibles.  We show, by induthon o n, Twat twis 5 wmique.

[+ =0, Tun K isg a wnit. £ r=g, b, T cach 9 ig a wnit,

o wwl-ro\dfof/‘(n,\! s m=0.

Now suppos Umiqueness holds for a prduct ot Su-| ivveduciples.

Let V2P--pPn=9, -qum . —n’uf\«\ (< d“\/"&'ﬁ owe G WLO(’)) Appose,



P qul Twara Up, =4, Ywae u. U is a unit Sineg 4 i(§ fkveduu.bu_

—ﬂ/tu,sl pr-- Pr = Pru Y2 - 9wm- = Pz--pPw = “r{ ‘Lw. ) Whaeve ‘Lz/f“‘h

i« HIl (vreduei ble.

But tun by imduction, w=m oad (after VtUVo(lVfV‘j) pi ¢ assouiatk

to 4. D
Sinee € ig a PID thys i\mmdiaJrcl:j im plies :
Cor: 7 is a UFD.

We now have twe #ol(ow:‘v:j inclusio ng:
fields C Euclidean domains C PiDs UFDs C I'M-CJVM dowmang
Q Y 70 7 (%)

(Fiudmj « PID That's not a Buclideom domain ig havd. One  €xonp(e

s 7))




